We investigate gravitational analogue models to describe slowly rotating objects (e.g., darkmatter halos, or boson stars) in terms of Bose-Einstein condensates, trapped in their own gravitational potentials. We begin with a modified Gross-Pitaevskii equation, and show that the resulting background equations of motion are stable, as long as the rotational component is treated as a small perturbation. The dynamics of the fluctuations of the velocity potential are effectively governed by the Klein-Gordon equation of a "Eulerian metric", where we derive the latter by the use of a relativistic Lagrangian extrapolation. Superradiant scattering on such objects is studied. We derive conditions for its occurence and estimate its strength. Our investigations might give an observational handle to phenomenologically constrain Bose-Einstein condensates.
I. INTRODUCTION
The history of superradiance has possibly started with the discovery of the (inverse) Compton effect in 1923 by A. H. Compton [1] , and has since then stimulated various works in different fields of physics and mathematics. The specific phenomenon of inertial superradiance due to the superluminal motion of a (charged) object through some medium goes back to investigations by P. A. Cherenkov in 1934 [2, 3] . Since these pioneering works which were both awarded with a Nobel Prize, also the idea of rotational superradiance arose, i.e., where a wave is inelastically scattered on a rotating rigid object such that its rotational momentum is transferred to the energy of the wave [4] (for an overview of superradiant phenomena see, e.g., [5] ). In particular, investigations by Ya. B. Zel'dovich in 1972 then showed [6, 7] , 1 that superradiance should be also spontaneously emitted by rotating black holes, where the space-time geometry can be described by a Kerr metric. Initially, the argument of superradiance was based on purely quantum-mechanical considerations, but it was Bekenstein in 1973 who realised that the argument should also hold in the classical sense to satisfy Hawking's classical horizon area theorem for black holes [5, 10] . Stimulated by these works but also from the idea that black holes could radiate Hawking radiation [11] , W. G. Unruh proposed in 1980 that the very occurence of Hawking radiation is not related with generic properties of gravity, but just the result of evolving quantised perturbations at an (apparent) event horizon [12, 13] . As a consequence, Hawking radiation should also become apparent at a sonic horizon when a fluid flow becomes transonic. The idea of analogue models of gravity, often dubbed acoustic black holes, was born.
2 Since then, various efforts have been done to study Bose-Einstein condensates (BEC) in the laboratory to establish and to study analogue event horizons (cf. [14, 15] and references therein). Soon it became also clear that not only Hawking radiation but also superradiance should arise at acoustic black holes, simply because superradiance is the consequence of forming some horizon and an ergosphere [16, 17] (provided that appropriate boundary conditions are established [18] ), and thus has in general nothing to do with a space-time singularity, neither with gravity in specific. Thus, analogous to Unruh's idea, the analogue scenario for extracting angular momentum from Kerr black holes would be a supersonic and a (mildly) rotating fluid flow.
In recent years, it has become very fruitful not only to study BECs in the laboratory but also to interpret macroscopic objects-such as black holes [19] [20] [21] , neutron / boson stars [22] [23] [24] , white dwarfs [25] , and / or dark matter halos as BECs [26] [27] [28] . 1 See also the contributions to this subject coming from C. W. Misner [8] and W. G. Unruh [9] . 2 For a recent review on analogue gravity see Ref. [14] .
Here we follow a similar objective, although our approach is to some extent new. We shall begin with a modified Hamiltonian of the BEC with gravitational self-interactions, and we include a rotational kinetic term which is greatly suppressed w.r.t. its non-rotational kinetic term (see the following Sec. II). In Sec. III B we then show that the resulting equations of motion are indeed stable, and we solve for the resulting density and velocity distribution of the BEC.
Generally, the inclusion of a rotational term in the Hamiltonian is known in studies related with generating vortex states in rapidly rotating BECs (cf. Refs. [29] [30] [31] [32] ), such as in superfluid Helium II (cf. Refs. [33, 34] ), but we wish to stress again that we treat the rotational component as a small perturbation. As thoroughly explained in Sec. IV, the origin of the small "rotational" component arises from a relativistic coordinate transformation performed from a Lagrangian to a Eulerian / observer's frame. Actually, the fluid flow is still irrotational, but it is the fluid's space-time which is dragged w.r.t. the Eulerian frame. We analyse the properties of the Eulerian metric, which are somewhat similar to the one of the Kerr metric, but we also refer to App. A for calculational details about its derivation. Equipped with the Eulerian metric, we solve its Klein-Gordon equation in Sec. V. Then, in Sec. VI, we derive the conditions for the occurence of superradiance, and finally give a Summary and Outlook in VII.
II. SYSTEM AND EQUATIONS OF MOTION
Our starting point is a slowly-rotating d-dimensional Bose-Einstein condensate in its own gravitational potential, being described by a complex scalar fieldψ with Grand-Canonical HamiltonianĤ
where µ is the chemical potential and V is the spatial volume of the halo. The third term on the right-hand side is due to a rotation around the axis Ω. The condensate is supposed to be constituted by a number of N 1 particles, and self-bound by a gravitational potential, with effective (attractive) interaction strength C > 0. We set the Planck constant equal to one, and express energy in units of the parameter m.
In Bose-Einstein condensates, the quantum stateψ consists of two components: a highlyoccupied ground state, condensate part Ψ := |ψ| , which shall here be described by a classical field 3 , and a quantum-fluctuation partφ, i.e.,ψ ≡ Ψ +φ. In the so-called Madelung representation [35] the condensate part reads
with n 0 being the ground-state particle-number density, and the phase S is the potential of the longitudinal part of the velocity.
We thus obtain a modified Gross-Pitaevskii equation (cf., e.g., [31, 33, 34] )
where ψ is the normalised wave function of the condensate, Ξ denotes the non-local gravitational potential induced through the condensates density ρ := ψ † ψ. In particular, the potential satisfies Poisson's equation
where
, and the latter is the gamma function. We obtain two independent real equations
with j := n 0 ∇S. The second term in Eq. (5b) is called the quantum potential. It has dimension of energy, and it can be shown to be related to the trace of an intrinsically quantum-induced stress-energy tensor (cf. Ref. [14] ). In the following we will come back to this quantity, and derive a condition under which it can be neglected.
III. STABILITY ANALYSIS
To this end we expand the background particle-number density as well as the background phase up to first order, and furthermore treat the rotation terms as first-order perturbations. In doing so we allow all perturbations to have a general coordinate dependence. This is important, because the system might be stable under perturbations that respect its symmetry, 3 We can describe the condensate part as a classical field because it is precisely a highly occupied state.
This fact becomes clearer when expanding the fieldψ into creation and annihilation operators,â † and a, respectively. Due to the high occupation number N 1, we have for the zero-mode,â k=0 |N bec = a k=0 √ N |N − 1 bec ≈ √ N |N bec , which tantamounts to replacingâ k=0 by the c-number
and unstable with regard to those that do not. We expand n(x, t) = n 0 (r) + δn(x, t) + higher orders ,
S(x, t) = S 0 (r) + δS(x, t) + higher orders ,
Ω(x, t) = δΩ(x, t) + higher orders .
Note that we treat Ω as a small perturbation. This choice is not only important to stabilise our results, but we shall show that it is also physically motivated.
A. Background
Here we consider the static case at the level of the background perturbations, and then add the perturbations in the stability analysis (see the following section). Equation (5a) is at the background level
which yields the solution of the background fluid flow
Plugging this solution into Eq. (5b) and neglecting the quantum potential we obtain an approximate expression for the chemical potential,
which we assume to be spatially constant, for simplicity. Then we obtain from the Laplacian of the above equation,n 0 (r)
where ∂ r is the radial derivative in polar coordinates, and we have defined
The asymptotic behaviour of the background solution is to a good approximation [21] n 0 (r) To get a better intuition of the above, we solve numerically for n 0 (r) and v 0 (r) in the case of d = 3, see Figs. 1. We have checked that the general behaviour of n 0 (r) and v 0 (r) is essentially independent of the chosen initial conditions, which have to be imposed to Eqs. (9-10).
The above solutions for the background density and velocity have been derived under the assumption that the quantum pressure can be neglected 4 . More precisely, validity requires 1 2m
Now, in the outer region of a sufficiently large halo (in which we will be mainly interested) we have that the quantum-pressure term actually diminishes approximately as ∼ r −2 . This means that the quantity x := 1/(m r 2 max ) has to be sufficiently small. Eq. (9) suggests that x, which has the dimension of energy, has to be compared to the chemical potential µ. Thus, we get the approximate condition
which translates to the condition for the maximal extent of the halo, i.e., r max µ m −1/2 .
B. Stability
We now perform a stability analysis. Using Ansatz (6a)-(6c), and the zeroth-order results for the velocity and density, Eqs. (8)- (10), we obtain up to first order
where we have suppressed some dependences for notational simplicity. In particular, Ω can vary with space and time. Acting with on Eq. (15b), we find
Plugging Eq. (16) into Eq. (15a) yields an equation solely for δS(x, t),
Now, taking into account Eqs. (12a,b), we are for large r approximately left with
where we have restored all dependences. The quantity δS(x, t) := δS(x, t) can be thought of as the gradient of the velocity perturbation. Hence, any pulse keeps its shape at large distance from the centre of the halo. Along similar lines, Eq. (15a) becomes
Thus, our stability result also holds for arbitrary perturbations in the particle-number density. Moreover, these findings are true for all dimensions greater than two.
IV. EULERIAN METRIC
As mentioned above we treat the rotation as a small perturbation w.r.t. the longitudinal velocity component. Here we include such a suppressed rotational velocity component by performing a gauge transformation of an irrotational fluid flow in a synchronous / comoving coordinate system to an observer's coordinate system. We call the synchronous/comoving coordinate systems to be the Lagrangian frame; we call the observer's coordinate system the Eulerian frame.
The essential idea of such a coordinate/gauge transformation is, that its intrinsic nonlinear nature induces naturally a small amount of frame dragging [37] . Thus, even that the fluid motion is irrotational, the fluid's Lagrangian space-time is dragged w.r.t. the Eulerian frame. Such a frame dragging is essential to observe superradiance.
For simplicity we set d = 3 from now on. As we show explicitly in App. A, it is possible to transform such an irrotational fluid flow to the Eulerian frame with the following line element
where v L := ∇S 0 and v T := ∇ × T denote the longitudinal and a perturbatively suppressed transverse fluid velocity, respectively; S 0 is the background velocity potential, see Eq. (8) .
Calculational details about the transverse field T can be found in the App. A, but we do not need its explicit form in the following, since we shall assume a constant amplitude in the latter, for simplicity. In the above line element we have set the local speed of sound to one, i.e., c = 1. This approximation also means that we neglect pressure perturbations; this is consistent with the neglect of the quantum pressure term (see Sec. III A), but including pressure perturbations is far beyond the scope of this paper. We leave this issue for a forthcoming paper.
In this paper we always assume that the longitudinal velocity component is much larger than the transverse component
It is difficult to estimate the precise amount of the suppression of the transverse velocity, since we heavily rely on a Lagrangian extrapolation far into the non-linear regime. On cosmological scales, where the solutions are formally valid, we expect that the transverse velocity should be suppressed by a factor ∼ 10 −3 − 10 −5 . Note also that we can discard the term ∝ v 2 L in the space-space component in Eq. (19) for sufficient small enough velocities.
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Generally, the above line element is valid for an arbitrary geometry. In the following we consider an approximate spherical symmetry and also assume a stationary and convergent fluid flow [12] . Now, performing a temporal gauge transformation according to
and we set v T :=ê φ v T , (cf. Eq. (6c)), the metric (19) becomes
or, equivalently, Again, we have v T /v r 1, in accordance with the requirement (20) . Note also that we have restricted the line element to the equatorial plane (i.e., dθ = 0). Some properties of the above metric are identical to the one of a Kerr metric, but differs by one (i.e., the last) property:
• It is stationary, i.e., it does not explicitly depend on time.
• It is axisymmetric, i.e., it does not depend explicitly on φ.
• It is not static, i.e., it is not invariant under time reversal τ → −τ .
• It reduces to a Schwarzschild like metric in the limit v T → 0, if the fluid velocity smoothly exceeds the speed of sound
• There is a coordinate singularity when v r → 1 (i.e., when it approaches the local speed of sound), and a curvature singularity for r → 0. Indeed, since lim r→0 v r ∝ 1/r 2 , the 4-Ricci curvature is lim r→0
• The metric is invariant under the simultaneous inversion: τ → −τ , φ → −φ.
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• The metric is not asymptotically flat, i.e., the metric does not reduce to the Minkowski metric in the limit r → ∞.
Thus, because of the last property, the metric (23) is not identical to the Kerr metric. The above metric is not asymptotically flat due to the fact, that the frame dragging is in principle apparent even at infinity. This does not possess any problems, since the background density is vanishing at infinity as well.
V. KLEIN-GORDON EQUATION WITH TORTOISE COORDINATES
Here we solve the relativistic Klein-Gordon equation for the linearised velocityperturbation potentialΦ ≡ 1/(2 m i √ n 0 ) e −i Sφ + e i Sφ † , which reads (cf. Refs. [12, 14] )
with g = det g µν , and summation over repeated space-time indices µ, ν, is implied. As mentioned earlier, we set d = 3 for simplicity, although our calculations may be easily generalized to higher dimensions.
Note that we make use of two essential simplifications at this step. First, we suppress the "spatial dimension" related with the altitudinal angle dθ. Second, we assume that v T is constant. Relaxing these approximations do not lead to any conceptual difficulties, but would imply a dramatical increase in computational power. In this paper, we use these simplifying approximations mainly since we are only interested in the qualitative behaviour of superradiance, and we leave computational more demanding approaches for future work. Note however, that v T should be generally time dependent, since we expect that the negative momentum transfer due to superradiance leads to a decreasing v T in time. However, considering the typically large amount of rotational energy as compared to that of the small amount of energy of a single scattered wave, it is a good approximation to neglect the timedependence of v T for each individual scattered wave, which we do so in the following for simplicity.
Now we turn back to the Klein-Gordon Eq. (24) . Let us therefore decompose the quantum fieldΦ into creation and annihilation operators,α † andα, respectively, i.e.,Φ ≡ α f +H.c., for some mode function f . Then, using our result in Eq. (22), the Klein-Gordon equation becomes [38] 
where we have introduced the tortoise coordinates r * which are dr * dr =:
∆ 1 was derived from the requirement that the purely spatial and purely temporal parts of the metric (22) are conformally invariant, i.e.,
where X is found to be X = 1/∆ 1 . To solve the Klein-Gordon equation (25), we fix v T to be a small 8 constant, and we use the background solution of the longitudinal velocity v(r) v 0 (r), which is also depicted in the right panel of Fig. (1) . Since the dependence of ∆ 1 (through v r ) on the tortoise coordinate r * is non-trivial, we numerically integrate
and then use this result explicitly in the Klein-Gordon equation (25) . 8 v T has to be small because of the requirement from (20) , which itself is based on the App. A.
VI. SUPERRADIANCE IN THE FREQUENCY DOMAIN
Using the tortoise coordinates from the previous section, and utilising a decomposition of the mode function f into base elements
we find, after plugging the above expression into Eq. (25), a second-order differential equation equation of the structure
We determine the function z ω, m such that the coefficient of ∂ r * ϕ ω, m vanishes (cf. Ref. [38] ). Then, the quasi-normal form of the differential equation for ϕ ω, m reads
Here, both Γ(r * , ω, m) and V(r * , ω, m) are real functions, and are given by
where we introduced the shorthand notation v r * ≡ v 0 (r * ), and we shall indicate spatial derivatives w.r.t. r * with a prime in the following, and Now, as we have seen in Sec. III A, the background velocity approaches a constant for large r * . In this limit we find
whereω
Note that lim v T → 0ω = ω, so the energy of the outgoing wave is identical to the energy of the ingoing wave in this limit. The above relation also means that, for large r * , the solution of Eq. (31) for ϕ ≡ ϕ ω, m can be written as
which consists of an incident wave of unit amplitude and a scattered one with an amplitude given by the reflection coefficient R. The extraction of (the condensate's rotational) energy by a scattered wave is one example of the phenomenon of superradiance (cf. Ref. [5] for a review). It occurs if
In Fig. 2 we show precisely this quantity for the most relevant case of three spatial dimensions, and for various small values of the ratio Ω := v T /|v 0 (r * max )| for which our approximation is valid (cf. Eq. (20) and also App. A). We observe that the system becomes more and more superradiant if this ratio is increased. This can be achieved by either increasing the rotation of the object, or, by decreasing the (outer) radial velocity. However, for all studied parameter values Ω, the corresponding amplification is quite small.
We find that, as expected, superradiance is only present for small-enough frequencies, i.e., for ω < ω max . Here, ω max > 0 is defined by the condition |R(ω max )| 2 ! = 1. For the present choice of parameters (r * max = 500 and |v 0 (r * max )| = 10) we obtain for all studied curves the fixed "law" of superradiance which is to a very good approximation
which is our central result in this section.
VII. SUMMARY AND OUTLOOK
In this work we have investigated stability and dynamical properties of slowly-rotating gravitationally self-bound Bose-Einstein condensates. Although the model under consideration is rather general, we primarily focussed on respective dark-matter halos. However, we expect that our considerations should also hold for Bose-Einstein condensates of white dwarfs, neutron and boson stars.
First, we derived the modified Gross-Pitaevskii equation and found general solutions for the background particle-number density and proved that the associated background equations of motion are stable in all dimensions. This holds true as long as the rotational component is treated as a small perturbation. We showed that the dynamics of the perturbation of the velocity potential are effectively governed by the Klein-Gordon equation of a newly-derived "Eulerian metric".
The latter is based on a relativistic coordinate transformation from the (Lagrangian) fluid frame to an observer's frame, where a small 'rotational' component naturally arises because of the inherent non-linearities due to the gravitational instability. Physically, the fluid flow is irrotational but the Eulerian frame is dragged w.r.t. the Lagrangian frame, where the fluid is at rest. We thus associate the small rotational component with Lagrangian transverse fields which manifests in a frame dragging. We would like to emphasise that the derived Eulerian metric is generally valid on cosmological scales, and that the reported geometrical correspondence with the one of the Bose-Einstein condensate relies heavily on a Lagrangian extrapolation, i.e., the correspondence holds only approximately.
We then analysed the properties of this Eulerian metric, which shares many properties of the Kerr metric (e.g., the Eulerian metric has an event horizon and an ergosphere, when the fluid velocity becomes transonic), but differs in such that the Eulerian metric is not asymptotically flat.
Then, we particularly investigated the effect of superradiance at the vicinity of BoseEinstein condensates. For convenience, we restricted to a (2+1)-dimensional description [16, 38] . Our formalism has the advantage that the boundary conditions of the velocity and density are everywhere well-defined and, in particular, our model does not possess a divergent velocity at the origin, as it is the case in the draining bathtub model. We find that superradiance actually does occur, and computed the precise form of the reflection coefficient. We find that, in our general model, amplification takes place when ω < ω max = 0.02 m Ω is satisfied, where Ω is the ratio of transverse and longitudinal velocity of the condensate, and m is the azimutal quantum number of the scattered wave.
As halos typically rotate quite slowly (cf. Ref. [39] ), the energy gain of these waves is naturally rather small. Note that such a suppressed rotation is actually a prediction of our model. The precise level of suppression can vary from model to model, so we depicted in that the more rapidly the condensate rotates the more superradiance is expected, and the larger is the maximum frequency below which amplification takes place. Our results may provide an observational tool to discriminate / constrain possible BoseEinstein condensate dark-matter halo models. In particular, radiation from intense sources such as super-novae or gamma-ray bursts in the line of sight behind a possible dark-matter halo will be an optimal test for these class of models. Another set of constrains might come from gravitational lensing, which is expected to be larger then in the conventional cases (cf., e.g., Ref. [40] for Bose stars, and Ref. [41] for scalar-field halos). Of course, similar investigations could be applied to other astrophysical condensates. overdensity in the deeply non-linear regime. We use the relativistic Lagrangian perturbation theory up to second order [37] to make the non-linear frame dragging in the line element apparent. Note explicitly, that we assume a non-exact spherical overdensity; if we had assume an exact spherical symmetry, the second order terms would be exactly zero.
Before proceeding we wish to summarise the calculational steps. First, we perform a specific gauge transformation from the synchronous/comoving gauge (the Lagrangian frame) to the Eulerian gauge 10 . The corresponding Eulerian line element will have no specified symmetry yet. By restricting the metric to an approximate spherical symmetry, we shall show that the Eulerian metric reduces to a Kerr-like metric (being not asymptotically flat). The synchronous/comoving line element is (summation over repeated indices is assumed)
with the following solution for an irrotational cold dark matter component
where we have defined
11 For sake of generality we include in the appendix also the cosmological scale factor a(t); for our specific case in the main text, a can be viewed as a perturbation parameter (which we finally suppress in the main text). ϕ denotes the cosmological potential, i.e., some initial condition (in our case with an approximately spherical symmetry) normalised at some initial time t 0 . The above solution can be derived by using standard cosmological perturbation theory [43] , the gradient expansion technique [44, 45] , or the tetrad formalism [46] , and is valid for an Einstein-de Sitter (EdS) Universe. 12 We define the Eulerian gauge by
with the spatial metric G ij = δ ij [1 − 2B], A and B are scalar perturbations, and, as we shall see, w contains a solenoidal and a vector part (in the non-perturbative treatment, w is just the ADM shift). We neglect tensor perturbations as they are of no importance in what follows.
The coordinate transformation is
where x µ are the coordinates in the Eulerian line element (A3), and q µ the one in the synchronous/comoving line element. Explicitly, the time coordinates in both coordinate systems are identical. Thus, the above is a purely spatial gauge transformation. The relation of the metrics is
The metric coefficients in the Eulerian gauge in (A3), {A, B, w}, are unknown and we shall calculate them up to O(ϕ 2 ) by using the above relation. Truncating up to second order, the resulting relations between the space-space, space-time, and time-time part of the metrics are respectively
Solving Eqs. (A6a-c) with an iterative technique, we obtain for the gauge generator, i.e., the 3-displacement field up to second order
The first term denotes a purely longitudinal contribution, the latter term denotes a purely transverse contribution to the displacement and thus to the velocity field as well. Both terms are of purely relativistic origin. For the perturbations in the Eulerian line element we obtain where G 2 is the well-known second-order EdS kernel for the velocity field at second order in Newtonian perturbation theory [47] . The term A is the (linear) velocity of the fluid squared (generally contracted with the spatial metric which is however a third-order effect), thus denotes nothing but the Lorentz boost from special relativity. Indeed, A can be written in terms of the time derivative of the displacement F , as can be easily proven, A −1/2a 2 (∂F /∂t) 2 .
The scalar B contains the linear initial conditions (first term in Eq. (A9b)) and some relativistic corrections. Since we are only interested here in dynamical effects, we neglect the 3-curvature in this paper and thus set the spatial 3-metric components to unity, G ij → δ ij (cf. the Minkowskian limit defined in [48] ). The quantity w (see Eq. (A9c)) contains the velocity information of the fluid: w i = −G ij a∂F i /∂t, where the spatial dependence on the right-hand side is w.r.t. the Eulerian coordinates (t, x). 13 Note explicitly, that w contains not only a longitudinal velocity but also a small transverse component, cf. the term R in Eq. (A9c), while the metric component A does only contain a longitudinal velocity component, see Eq. (A9a). In fact, A remains purely longitudinal up to third-order, so the transverse contribution in A is suppressed by a factor ϕ 2 .
Because of the these considerations, we write A = −1/2v 14 Note that we have absorbed a scale factor in the definition in the velocities. To derive the Eulerian metric for an approximate spherical symmetry, one then has to assume ϕ(x) ϕ(r)
where the first term denotes the symmetric contribution, and the latter term a small perturbation along some given axis Ω. The Eulerian metric is then
Note that the above relies on a Lagrangian extrapolation far into the non-linear regime, and we have nelgected the curvature metric G ij → δ ij . Also note that this extrapolation is 13 As above we send G ij → δ ij .
14 The transverse velocity v T is proportional to R.
